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Analysis of Subgrid-Scale Torque for Large-Eddy
Simulation of Turbulence

J. S. Marshall* and M. L. Beninati
University of lowa, lowa City, lowa 52242

A study is performed of the vorticity source induced by filtering the nonlinear terms of the Navier-Stokes
equation, as used in large-eddy simulation of turbulent flows. In analogy to the subgrid-scale (SGS) stress, this
vorticity source is referred to as the subgrid-scale torque. The SGS torque results from derivatives of the part of
the SGS stress and force terms that play a role in modifying the filtered velocity field. Other parts of the SGS stress
and force modify pressure but have no influence on velocity field in a constant-density flow and are, therefore, not
dynamically significant. The total dissipation rate due to the SGS flow is shown to depend only on the part of the
SGS force induced by the SGS torque. With a series of examples with increasing complexity, it is shown that the
SGS stress and force are often dominated by terms that generate no SGS torque. With use of the scale-similarity
model, both for isotropic turbulence and for turbulence near a large-scale vortex structure, it is demonstrated that
LES closure models can sometimes yield reasonably good results in a priori tests for prediction of SGS stress and
force, while yielding poor predictions for SGS torque. This conclusion is consistent with the common observation
that the scale-similarity model yields good results in a priori tests (when only the SGS stress is examined) but
nevertheless has insufficient dissipation in a posteriori tests.

Nomenclature

forcing amplitude for direct numerical simulation
initial vortex core radius

vector potential of the subgrid-scale force g
correlation between two quantities A and B
Smagorinsky constant

vortex axial stretching rate

local dissipationrate

deviatoric part of the subgrid-scale stress tensor
enstrophy production rate

base vectors in the r, ¢, and z directions

of a cylindrical polar coordinate system

forcing vector used in numerical simulation

of isotropic turbulence

filter function with length scale A
subgrid-scale force

vector defined by equation preceding Eq. (11)
wave number

cutoff wave number

tensor defined by the Germano identity [Eq. (9)]
integral length scale

unit normal of a closed surface S

projection tensor for the spectral solution

of the Navier-Stokes equations

= skew-symmetric tensor whose axial vectoris g
vortex Reynolds number

microscale Reynolds number of the turbulence
rate of deformation tensor

subgrid-scale torque

subgrid-scale stress tensor
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velocity vector with components u, v,

and w in the r, ¢, and z directions

root-mean-square velocity magnitude

position vector

tensor defined by Eq. (8)

= ratio of the turbulence initial root-mean square
velocity to the maximum azimuthal velocity
of the vortex

= vortex circulation

filter length scale in i direction

Kronecker delta

average dissipationrate

permutation symbol

Kolmogorov length scale of the turbulence

Taylor microscale of the turbulence

kinematic viscosity

eddy viscosity

density

vortex core radius

scalar potential of subgrid-scale force g

= vorticity vector
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Superscripts
f =

convolution filter of a function f (x, #) with small
filter length scale A
= convolution filter of a function f (x, 7) with large
filter length scale A

I. Introduction

ARGE-EDDY simulation (LES) attempts to follow the large

scalesof turbulentflows computationallywithout directly solv-
ing for motion at the small scales by solving a filtered form of the
Navier-Stokes equations. Filtering of the nonlinear convective ac-
celerationterm givesrise toan additionalforce having the formof the
divergence of the subgrid-scale (SGS) stress Tj; = — (u;u; —u;u;),
where u is the velocity vector and an overbar denotes a filtering pro-
cess. However, as pointed out by Meneveau and Katz,' some parts
of the SGS force can be expressed as the gradient of a scalar, and
hence in a constant-density flow, these terms modify the pressure
field without affecting the velocity field. The parts of the SGS force
that are dynamically significant, that is, which do affect the veloc-
ity field, possess a nonzero curl, giving rise to a nonzero source of
vorticity (or SGS torque).
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Several investigators have studied the relationship between the
SGS stress and different aspects of the flow structure. For instance,
Domaradzki et al.?> examine decaying turbulence within a Taylor-
Green vortex at microscale Reynolds number decreasing from 1000
to 70. They observe large regions of both forward and backward
energy transfer, both of which are important for the dynamics of
the large scales of motion. The motion of the resolved scales in the
vicinity of a cutoff wave number &, is found to depend significantly
only on modes with wave number less than 2k,, with higher wave
number modes having negligible effect.

Kerr et al.®> examine the relationship between turbulent vortic-
ity structures and various aspects of the SGS energy transport and
dissipationbased on analysis of direct numerical simulation (DNS)
data for isotropic turbulence with Reynolds numbers of 64 and 258.
This study makes three conclusions of interest in the present in-
vestigation: 1) subgrid energy transfer coincides with boundaries of
regions of strong enstrophy production, 2) energy backscatter co-
incides with regions of large correlation of resolved vorticity and
subgrid velocity, and 3) energy forwardscatter is dominated by the
correlation of subgrid vorticity and resolved velocity.

Meneveau and Katz' use conditional averaging to associate the
SGS force with different flow features, such as strain rate, vortic-
ity, and energy dissipation rate, based on experimental data from
constant-density flow in a turbulent jet and in turbulence under-
going rapid axisymmetric expansion. In the approximately locally
isotropic turbulence from the jet flow, they observe high correlation
between SGS force magnitude and both strain rate and dissipation
rate. However, in these regions the SGS force vectors are oriented
in the radial direction (relative to some central point) and exhibit
azimuthal symmetry, rather like the velocity field emanating from a
sourceor a sink. Because the SGS force in theseregionsis purelyra-
dial, it can be expressed as the gradient of a scalar and is, hence, not
dynamically significant. In the case of rapidly strained turbulence
undergoing axisymmetric expansion, SGS force opposing the mean
deformationis observedin regionsof strong positivedissipation,and
SGS force enhancing the mean deformation is observed in regions
of strong negative SGS dissipation. Meneveau and Katz! further
note that the predictions of the scale-similarity model* generally
have higher SGS force magnitude and extend over larger distances
than the exact data.

The objective of the present paper is to examine the relation-
ship between the SGS torque and other quantities characterizing
the turbulence and to demonstrate the importance of accurate pre-
diction of SGS torque in a priori tests of LES closure models. A
review of theoretical aspects of the filtered Navier-Stokes and vor-
ticity transport equations and a brief summary of common SGS
modeling approaches is given in Sec. II. After removing the dy-
namically insignificant part of the SGS stress, it is observed that
(in a constant-density flow) the SGS force is nonzero only in flow
regions with nonvanishing vorticity. We also show that the total en-
ergy dissipation rate can be expressed as an integral over the part
of the SGS force induced by the SGS torque, such that the part of
the SGS force that can be written as a gradient of a scalar affects
the local dissipationrate but has no effect on the overall dissipation
rate. In Sec III, the SGS torque in two simple vortex flows is exam-
ined, which might be regarded as building blocks for more complex
flows. SGS torque in forced isotropic turbulence is examined in
Sec. IV and that in decaying turbulence surrounding a large-scale
vortex is examined in Sec. V. This latter flow is representativeof the
interaction between large-scale coherent vortices and smaller-scale
turbulence in high-Reynolds-number turbulent flows. In Secs. IV
and V, exact DNS data for SGS force and torque are compared with
predictionsof the scale-similaritymodel,* which has been found by
previous investigators to yield predictions with high correlation to
exact data. Conclusions are presented in Sec. VI.

II. Theory

A. SGS Torque

LES methodsare based on numerically evolvinga filtered form of
the Navier-Stokes equations.If the filtering is performedin physical
space, it is typically of the convolution type, such that for some

function f(x, t) we write
fe,r) = / G, (x; — X)) f(xX', 1) dv/ 1)
14

where G4, (x; — x]) is a homogeneous filter function that decays
with lengthscale A; inthe i direction, V is the entire space occupied
by the fluid, and an overbardenotes a filtered variable. Because a ho-
mogeneous filtering operation commutes with temporal and spatial
differentiation, the filtered continuity and Navier-Stokes equations
for an incompressible fluid with uniform density are

V-u=0 (2a)
ou _ _ 1__ -
5 @ Vi = —;Vp—i—V-[ZvS-}—T] (2b)

where S = (%)[Vﬁ + (V)" is the filtered rate of deformation ten-
sor and the components of the SGS stress tensor are

T[jE_u[uj_u_[u_j) (3)

The filtering operation can also be performed for the vorticity-
velocity form of the Navier-Stokes equations. The filtered vorticity
w =V xu in a constant-density flow is governed by the transport
equation

o
a—‘j+(ﬁ-V)@=(@.V)ﬁ+uv2@+ng @)

where the SGS force g has components
8 = —&ij(wjuy —w_,@ (5)

Werefertos =V x g asthe SGS torque. It is clear from its definition
that g vanishes in any irrotational flow region. The vector g is the
axial vector of a skew-symmetric tensor R, defined by

Rij = gijigr = —(wit; —w;uj) + (0ju; — w;ju;) (6)
The SGS force and torque can be writtenasg =V -D ands =V - R,
respectively, where D;; =T;; — (%)Tkk&-j is the deviatoric part of
the SGS stress T. Thus, the tensor R plays a similar role in the
vorticity transport equation as the deviatoric part of T plays in the
momentum equation. The isotropic part of T can be incorporated
into the pressure gradient term and, hence, has no influence on the
filtered velocity u. Moreover, using the Helmholtz decomposition
to write g as the sum of irrotational and rotational parts, where the
irrotational part can be combined with the pressure gradient, we see
that the only dynamically significant part of the SGS force is that
which yields a nonzero SGS torque.

The eddy-viscosity (Smagorinski) model approximates the
deviatoric part of the SGS stress tensor as

Dy; = 2v 5, vy = C3A?[S] @)

where v7 is the eddy viscosity and |S| = (25;;S;;)'/? is the modulus

of S. A typical value for the constant Cy is about 0.15 (Ref. 5).
The scale-similaritymodel* uses two filters, with length scales A

and A. Applying these filters in series, we define a tensor Y by

Y, = —(lu —uu; @)

The Germano identity (Ref. 6) gives

~ ey =
L =Y; —T; =—(uu —u;u;) )

where the right-hand side can be determined by a second filtering
of the filtered velocity field u. The scale-similarity model assumes
that the SGS stress can be approximated by the difference term in
Eq. (9). Thus, if the filter with length scale A is associated with the
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minimum computational resolution, the second filter with a larger
length scale A > A is used to estimate the SGS stress as

sz = —(u; u; —u; ”j) (10)
The scale-similarity procedure can also be used to develop an
expression directly for the SGS force g. In particular, if a vec-
tor k is defined by_sequential application of the two filters as
hi =—¢gij(wju; — a)_ju_), an identity similar to the Germano iden-
tity (9) can be written for the difference between h and the filtered
value g of g as

hi —g = —&ijr(w; Uy —w_,ﬂ) (1D

The identity (11) was used by Mansfield et al.” to obtain the coef-
ficients for a dynamic Smagorinsky-type model for g, which was
then implemented in a vortex particle method for turbulent flows.
Alternatively, in the context of a scale-similarity model, one would
approximate the SGS force g by the right-hand side of Eq. (11).

B. Relationship of SGS Torque to Dissipation Rate

Thelocal dissipationrate D dueto the SGS stresscanbe expressed
in an incompressibleflow as the scalar product of the deviatoricpart
D of the SGS stress with the velocity gradient, or using chain rule,

ou, 9 oD,
(Diju;) —u

D = D;;

— = — 12
’ax, 0x; (12)

J
The last term in Eq. (12) is simply the inner product of the velocity

and the SGS force vector g. Applying the Helmholtz decomposition
to g, we can write

g=Vo+Vxb (13)
where b is a solenoidal vector field. Taking the curl of Eq. (13) gives

s = —V?2b, the particular solution of which yields the vectorb as an
integral over the SGS torque as

bix. t)——/ s(x’, t)

FErTN
- t)_VX,,__/wdv (14)
lx —x']3

where V is the entire volume occupied by the flow and g is the part
of the SGS force induced by the SGS torque.

Integratingthe local dissipationrate over the flow volume V' yields
the total dissipationrate as

/de=/(u~D~n—¢u~n)da—/u~§dv (15)
v s v

where S is the boundary of V. Applying the no-slip condition on the
fixed surface S (or letting S move out to infinity in an unbounded
flow), the surface integral in Eq. (15) vanishes. Integrating by parts
for the volumetric integralin Eq. (15), we can alternatively write the
total dissipation rate as an integral over the product of the vorticity
vector and the vector potential b of the SGS force as

/de=/w~bdv (16)
v v

Thus, we conclude that the part of the SGS force that can be written
as the gradient of a scalar [this first term on the right-hand side of
Eq. (13)] makes no contributionto the total energy dissipation rate
of the flow.

III. Simple Examples

We have observedin Sec. Il that the dynamicallysignificant partof
the SGS force occursin regions with nonzero vorticity. In an attempt
to develop physical intuition for the SGS torque, we examine in
the current section the exact SGS force and torque fields produced
by two simple axisymmetric flows. Because the SGS force (5) is
Galilean invariant, the addition of a uniform translation velocity
does not alter these axisymmetric results.

The most elementary axisymmetric vortex flow is a columnar
vortex, an example of which is the Lamb vortex with velocity field
u=v(r)e,=I/2rr)[1— exp[—(r/a)z]e¢. The exact SGS forceg
is oriented in the radial directionand has a form g = g(r )e,. Because
the SGS force can be rewritten as the gradientof a function,

f) E/ g(§)d¢
0

it can be combined with the pressure gradient term in the filtered
Navier-Stokes equations and, thus, has no effect on the velocity
field. Associated with this observation, the exact SGS torque van-
ishes for this flow.

The result of vanishing exact SGS torque for a columnar vortex
is unaffected by addition of an axial flow w(r) within the vortex
core. To find an axisymmetric flow with nonvanishing SGS torque,
we must look to cases with nonzero radial velocity or variation
of the flowfield in the axial direction. The simplest such case is
Burger’s vortex, involving a columnar vortex that is stretched along
its axis, for which the velocity field at a given instant of time is
u=—cre, +v(r)e, +2cze.. The azimuthal velocity profile v(r) is
the same as givenearlier for the Lamb vortex. The constantc denotes
the axial stretching rate nondimensionalizedby the vortex circula-
tion over the core radius squared. Burger’s vortex exhibits nonzero
SGS torque of the form s =s(r)e., where s = (1/r)d(rg,)/0r. The
azimuthal component of the SGS force is related to the product of
the radial velocity and the axial vorticity by g4 = —(w. 4, — @; u,),
such that the dimensionless product so2/cT" is a function only of
r /o fora given filter size. Figure 1 shows a plot of the dimensionless
SGS torque for a Burger’s vortex with different filter lengths. This
result was obtained using a discrete Gaussian filter, which is radially
weighted to mimic an isotropic three-dimensional filter. The SGS
torque acts to decrease the axial vorticity within the center of the
vortex core and to increase the axial vorticity along the periphery
of the vortex core. Because the integral of the SGS torque over the
vortex cross section vanishes, it has no effect on the net vortex cir-
culation. The maximum value of the SGS torque magnitude occurs
on the vortex centerline and is observed to increase substantially
with increase in filter size.

It is of interest that the eddy-viscosity (Smagorinsky) model for
the SGS stress yields the incorrect result of azimuthally oriented
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Fig. 1 Axial SGS torque for a Burger’s vortex with filter sizes —,
Alo=0.24;--—-, Alo =0.48; and —-——- , Alo=0.96.
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Fig. 2 Comparison of computed SGS vorticity source for a Burger’s
vortex with filter size A/o =0.48 for , exact data; ———, predic-
tion of scale-similarity model; and —-—-—- , the Smagorinski model with
Cs=0.15.

o

SGS force and nonvanishing SGS torque for the Lamb vortex, and
yetit produces a radial spreading of the vorticity thatis qualitatively
similar to that produced by the exact SGS torque for the Burgers
vortex. The scale-similarity model by construction satisfies the re-
quirement of radial SGS force and zero SGS torque for the Lamb
vortex and has a similar vorticity spreading effect for the Burgers
vortex. A plot showing a comparison between the exact SGS torque
and the predictions of the eddy-viscosity and scale-similarity mod-
els is given in Fig. 2 for a case with filter length A =0.48. The
minimum value of s. in the exact data is about —0.1. The minimum
value of s, in the Smagorinski model (—0.02) has far too small mag-
nitude, although this could presumably be modified by adjustment
of the Smagorinsky constant Cs. The minimum s. value predicted
by the scale-similarity model (—0.125) has somewhat greater mag-
nitude than the exact data, which is consistent with the observation
that the value of s. in the vortex core becomes more negative as the
filter size increases.

Turbulence properties for other simple vortex models have been
investigated by several investigators. For instance, turbulence prop-
erties of the Burgers vortex are examined by Townsend,® and turbu-
lence propertiesof the Lundgren stretchedspiral vortex’ are reported
by Pullinet al.,'° Saffman and Pullin,'"!? and Pullin and Saffman,'?
leading to the vortex-based SGS stress model of Misra and Pullin.!*
These authors, however, do not consider the SGS torque.

IV. Isotropic Turbulence

Direct numerical computations of forced isotropic turbulence are
performed using a code similar to that of Vincent and Meneguzzi,'>
whichemploys a pseudospectralmethod with second-orderAdams—
Bashforth time stepping and exact integration of the viscous term.
Results with and without dealiasing are found to exhibit no signifi-
cant differences at the large scales, and so dealiasing is not used in
the current computations to consider the broadest possible spectral
range. The spectral Navier-Stokes equations are evolved in time
after having been projected onto a divergence-free space using the
operator P;; =k;k; /k* — §;; according to

0"t = i" exp(—vk*At) + AtP - [%(u X w)" exp(—vk2Ar)

— ;(u X w)' 1 exp(—2vk2At)] +f(k)At 17)

where u are velocity vectors, a caret denotes Fourier transform, a
superscript indicates the time step, and f is a small-wave-number
forcing vector.

The computationsare performedina periodic 1283 cubic grid with
domain side length 27 and viscosity v = 1/3000. The flow is initi-
ated by arandomly perturbed velocity field with uniform probability
distributionfor wave numbers spanning the interval 1 <k < 64. The

Table1 Quantities describing the isotropic
turbulence simulation

Quantity Value
L 2
v 1/3000
u' 0.057
14 0.097
A 0.131
Re, 22.3
€ 0.00095
n 0.014
1 -
&
0.8
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e
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t
Fig. 3 Time variation values of velocity and vorticity magnitude for a
simulation of isotropic turbulence: ———, maximum and , rms.

turbulenceis maintained by setting the forcing vector as
. {Aﬁ/(ﬁ)< for k< kg

k > kcrit (18)

- 0 for

where (g) . denotesthe average of a quantity g for all wave numbers
less than k;,. The current computationsare performed with ke =2
and A =0.004. The initial velocity field is made divergence-freeby
taking its Fourier transform and using the spectral form of the con-
tinuity equation. The time step for the computationsis Az =0.01,
and computations are continued until a time of t =20 to let the
turbulence develop. Various quantities describing the turbulence at
the time chosen for evaluation (t = 14) are listed in Table 1, in-
cluding the root-mean-square velocity magnitude u’, the average
dissipation rate ¢ [which can be written using energy conserva-
tion as £ = —u'(du’/dr)], the integral length scale £ = 0.5u"* /¢, the
Taylor microscale A = (15v/¢)"/?u’, the Kolmogorov length scale
n=(v3/g)!/4, and the microscale Reynolds number Re, = u’\/v.
The time variation of the maximum and root-mean-square veloc-
ity and vorticity vectors are shown in Fig. 3. At the evaluation time,
t = 14, these quantities are found nearly to approach an asymptotic
value, indicating that the turbulence is reaching a statistically sta-
tionary state. The DNS data are filtered using an isotropic Gaussian
convolution filter of form (1) with length scale A =4Ax, where
Ax =0.05 is the grid size for the DNS computation. The contours
of the vorticity componentw. in a cross section of the flow for both
the DNS data and the filtered data are given in Fig. 4. The exact
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Table2 Various correlations involving SGS force magnitude g, SGS
torque magnitudes, filtered vorticity magnitude w = (LZ:,-LZ:,-)I/ 2 and
enstrophy production rate E = &;S;;; for exact data

Isotropic Turbulence near
Correlation turbulence columnar vortex
g-w 0.822 0.912
S~ 0.790 0.464
g-E 0.364 0.094
s-E 0.363 0.043

Table3 Correlations between exact data and predictions of the
scale-similarity model for SGS force vector g and SGS torque vector s

Isotropic Turbulence near
Correlation turbulence columnar vortex
&exact-§sim 0.535 0.876
Sexact=Ssim 0.366 0.434

Fig. 4 Contours of w, in a cross-section of the isotropic turbulence
simulation for a) DNS data and b) filtered data: gray for w, >0.04 and
black for w, < —0.04.

values (for the given filter) of the SGS force and torque are obtained
by substituting the DNS data into Eq. (5) to obtain g and then taking
its curl to get s.

Correlations between the SGS force and torque and the vorticity
magnitude and enstrophy production rate (E = @;S;;@;) are listed
in Table 2, where the correlation between any two scalar quantities

A and B is defined by
cu=Yan [ |(Tx) (L#)
i j k

with the sum taken over the grid points. The inner product of two
vectors is used instead in the numerator of this ratio for correlations
between two vector-valuedproducts. There are reasonably high cor-
relations (roughly 80%) between the SGS force magnitude and the
vorticity magnitude and between the SGS torque magnitude and the
vorticity magnitude, whereas the correlation of these quantities with
the enstrophy productionrate is much lower (around 36%). This in-
dicates that the SGS force and torque are strong in the vicinity of
the strong vortex structures, but are not necessarily related to strong
stretching rates. The correlation between the SGS force and torque
magnitudes is also fairly high (82%), which indicates that regions
of high SGS torque are likely to coincide with regions of high SGS
force in isotropic turbulence.

Predictions comparing the scale-similarity model and exact data
for the SGS force and torque magnitudes are given in Fig. 5. As
shown in Table 3, both the predicted SGS force and torque vectors
are foundto have fairly low correlationswith exactdata (53 and 37 %,
respectively). On the other hand, the correlation for the predicted
SGS force and torque magnitudes with exact data is fairly high (87
and 85%, respectively), which indicates that these quantities have
large values in approximately the same regions of the flow in the
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Fig. 5 Comparison of exact data (left) and predictions of scale-
similarity model (right) for magnitudes of SGS force (top) and SGS
torque (bottom): SGS force magnitude, gray for 0.0025<g <0.005 and
black for g > 0.005 and SGS torque, gray for 0.001<s <0.002 and black
for s >0.002.
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Fig. 6 Scatter plots comparing exact data and scale-similarity model
predictions for a) SGS force and b) SGS torque magnitude for isotropic
turbulence.

scale-similarity predictionsand the exactdata, but that the predicted
and exact vectors have rather different orientation. Figure 5 shows
that the scale-similarity predictions do not possess the small-scale
structure presentin the exactdata. Althoughthe predictionsfor max-
imum values of the SGS force agree reasonably well with the exact
data, the predicted maximum values of the SGS torque are consid-
erably lower than the exact data because the gradients of SGS force
in the scale-similarity predictions are not as sharp. This tendency is
clearly evidentin the scatter plots of SGS force and torque shown in
Fig. 6, in which the predicted values of SGS torque are observed to
be generally significantly lower than the exactdata. The poor ability
of the scale-similarity model to predict SGS torque is related to the
common observation that this model is not sufficiently dissipative,
which leads to the necessity to add an eddy-viscosity term when
this model is employed for LES computations.'®

V. Turbulence Near a Large-Scale Vortex

Most turbulent flows of engineering interest are not isotropic,
but exhibit coherent eddy motions at an intermediate length scale.
These coherent eddies dramatically alter the evolution of the sur-
rounding smaller-scale turbulence. A DNS study illustrating this
effect was reported by Melander and Hussain!” for the problem
of initially isotropic turbulence placed in the vicinity of a larger-
scale columnar vortex. Their results demonstrate the wrapping of
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the external turbulence about the columnar vortex and growth of
turbulence length scales by merger of the nearly axisymmetric tur-
bulent structures that result from wrapping. A similar computation
was performedin the current study to examine the effect of coherent
structures on the SGS torque within the surrounding turbulence.

The computation is performed using the numerical method de-
scribed in the preceding section. The columnar vortex has Gaus-
sian vorticity variation within its core with radial length scale
a = 0.6, vortex Reynoldsnumber Rey =I"/v =3000 and maximum
azimuthal velocityu, =I"/2ma. The turbulenceis initialized by per-
turbing the columnar vortex flow by high-frequency velocity fluc-
tuations with uniform probability distribution for wave numbers
within the interval 30 <k <34 and with root-mean-square fluc-
tuation velocity u’. Preliminary computations are performed with
64° grid points to determine an appropriate value for the parameter
B =u'/u,, and the final computation is performed with 128 grid
points. The turbulence quickly decays away when B is set too low,
leaving just the columnar vortex. If B is set too high, the columnar
vortex is destroyed by the surrounding turbulence, leaving only de-
caying isotropic turbulence. We use an intermediate value § =1.12
for which the vortex remains intact and the external turbulence be-
comes predominantly oriented in the azimuthal direction after a
few rotations of the vortex. The time step is held fixed during the
computationsat At =0.01, such that the Courant-Friedrichs-Lewy
number Uy At/ Ax is less than 0.05.

We interrogate the flow at a time ¢ = 50, correspondingto a little
over three and a half rotations of the large-scale vortex after the
initial start. At this time, the maximum azimuthal velocity and axial
vorticity of the large-scale vortex have decreased by about 10% of
their initial values, to 0.145 and 0.78, respectively. The turbulence
fluctuations have decreased in intensity by over an order of magni-
tude, such that the maximum velocity and vorticity fluctuations at
the interrogation time are 0.034 and 0.41, respectively. The turbu-
lence is more rapidly suppressed within the vortex core, due to the
enhanced dampening induced by rotation,!® and in the region far
from the vortex. A region of active turbulenceis found surrounding
the vortex core, within which the vortex structures become aligned
in the azimuthal direction and are stretched as they are entrained
into the large-scale vortex core. This behavior is illustrated in the
vorticity magnitude contour plotsin the x-y and y-z cross-sectional
planes shown in Fig. 7.

The DNS results are filtered using a Gaussian filter with length
scale A=4Ax. The exact data for magnitude of SGS force and
torque are shown in Fig. 8. In Fig. 8a, the regions of large SGS force
magnitude are shown by gray and black shading and the regions
of large axial vorticity w, are indicated by contour lines. The SGS
forceis observedto have the largest magnitude within the core of the
large-scalevortex. However, similar to the case of a columnar vortex
examined in Sec. III, the SGS force vector within the columnar
vortex core is oriented mostly in the radial direction and varies
mostly with the radial coordinate r, such that its curl is small. The
SGS torqueis found to have largest magnitude not within the vortex
core, but in the region surrounding the core coinciding with the
region of strong azimuthally oriented turbulence. In Fig. 8b, the
regions of large SGS torque magnitude are indicated by gray and
black shading, and solid and dashed contour lines indicate regions
of strong positive and negative azimuthal vorticity ., respectively.
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Fig. 7 Contours of vorticity magnitude in the x—y and y-z cross-
sectional planes for turbulence external to a columnar vortex; gray
denotes regions with vorticity magnitude greater than 0.1.
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Fig. 8 Comparison of a) SGS force, gray, 0.0025<g <0.005; black,
2>0.005; and ——, axial vorticity contours with w, =0.3 and 0.5; and

b) SGS torque magnitudes for turbulence external to a large-scale vor-
tex, gray, 0.003< s < 0.006;black,s > 0.006; ,w, =0.7 azimuthal vor-
ticity contours; and ———, w, = —0.1 azimuthal vorticity contours.
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Fig. 9 Turbulence near a large-scale vortex scatter plots comparing

exact data and scale-similarity model predictions for a) SGS force and
b) SGS torque magnitude.

The observationthat regions of strong SGS force are disjointfrom
regions of strong SGS torque is also apparent from inspection of the
correlation values shown in Table 2. Although the SGS force has a
high correlation with the vorticity magnitude (92%), the correlation
between vorticity magnitude and SGS torque is fairly low (46%).
The high correlation between the SGS force magnitude and the
vorticity magnitude is mostly due to the radially oriented force that
forms inside the large-scale columnar vortex, as shown in Fig. 8a.
As explained in Sec. II1, this force is not dynamically significant
and, hence, does not give rise to a vorticity source. We recall that s
vanishes for the purely columnar vortex flow consideredin Sec. III,
and correspondingly,the SGS torque is controlled by the azimuthal
vorticity wrapping around the large-scale vortex.

Correlations between the scale-similarity predictions and exact
data are given in Table 3. The predicted SGS force vector has a high
correlation with the exact data (88%), whereas the predicted SGS
torque vectorhas a fairly low correlationwith exactdata (43 %). Scat-
ter plots comparing magnitudes of predicted and exact SGS force
and torque are given in Fig. 9. The predicted SGS force (Fig. 9a)
is reasonably close to the exact data, with the predicted magnitude
20-30% larger than the exact magnitude. Similar overshootin pre-
dicted force magnitude is found when the scale-similarity model is
applied to the columnar vortex examined in Sec. III. On the other
hand, the predicted SGS torque magnitude (Fig. 9b) is much too
small. Detailed examination of the predictions and data indicate
that, although the scale-similarity model reproduces with reason-
able accuracy the dynamically insignificant radially oriented SGS
force within the large-scale vortex core, it yields far too small values
of the azimuthally oriented SGS torque.

V1. Conclusions

The SGS torque is analyzed using a series of models of in-
creasing complexity, including a single columnar vortex, isotropic
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turbulence, and turbulence external to a columnar vortex, which
mimic in differentdegrees the flow in the vicinity of a coherent vor-
tex immersed in a high-Reynolds-numberturbulent flow. The SGS
torque is related to the dynamically significant parts of the SGS
force and stress fields, but due to the presence of other parts of the
SGS force and stress that do not influence the velocity field, the
regions where the SGS torque is large do not always coincide to
regions where the SGS force or stress are large.

The SGS torque vanishes for an isolated columnar vortex. If the
vortex is immersed in an axial stretching flow, a SGS torque forms
that acts to aid viscosity in diffusing the vorticity radially outward.
By contrast, if the vortex is axially compressed the SGS torque acts
to decrease the size of the vortex core.

For isotropic turbulence, the SGS force and vorticity fields are
both found to be strong within regions of strong vorticity. The re-
gions of large SGS force predictedby the scale-similaritymodel oc-
curs in roughly the same locations as in the exact data, with roughly
the same magnitude; however, the SGS force is much more diffuse
and graduallyvaryingin the model predictionsthanin the exactdata.
Consequently, the magnitude of the SGS torque predicted from the
scale-similaritymodel is much too small. This observationis in fact
the underlying reason for the common observation that the scale-
similarity model does not have sufficient dissipationin a posteriori
tests.

For turbulence external to a large-scale vortex, the SGS torque is
found to be strongestnot within the vortex core, butin the region of
intense, azimuthally oriented vorticity structures that form a sheath
around the large-scale vortex core. The SGS force, by contrast, is
strongest within the core of the large-scale vortex, but is oriented
in a radial direction and is nearly axisymmetric, to possess nearly
zerocurl. The SGS torqueis, thus, foundto originate from secondary
features of the SGS force field. The scale-similarity model performs
well in predicting the dynamically insignificant part of the SGS
force, but yields values for SGS torque that are far lower than exact
values.
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